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Abstract
We are concerned with 3-D incompressible Navier–Stokes equations when the initial data
and the domain are cylindrically symmetric. We show that there exists a solution in a weighted
space and certain weighted norms of vorticity of the solution remain ﬁnite if they are ﬁnite
initially. Consequently, we can estimate the growth rate of the solution both spatially and
temporally.
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1. Introduction
The 3-D incompressible Navier–Stokes equations have been casting many
prominent problems in the area of partial differential equations. One of those
problems, the regularity of the weak solution of the Navier–Stokes equations has not
been solved yet. It is well known that if a initial velocity belongs to L2 being
divergence free there exists a corresponding global weak solution for the Navier–
Stokes equations for various types of domains and that for almost every time t40;
the solution is smooth [7]. It is also known that if the weak solution satisﬁes apriorily
a certain integrability condition near a space–time point ðx; tÞ; then the solution
become regular near the point [6]. However, we do not know yet whether such
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integrability conditions are satisﬁed in general. But, many efforts have been done in
this direction till now and we know that the possible irregular set is small where the
regularity of velocity fails [1,3] and that the solution become regular if the initial data
and the domain have a certain symmetry. In particular, if the initial data and the
domain are cylindrically symmetric and y component of initial velocity is zero, the
solution become regular [8].
In this paper, we consider the problem when the initial data and the domain is
cylindrically symmetric in the presence of y component of velocity. When the domain
is distant from the axis of symmetry, a weak solution becomes indeed a strong
solution, but it has not been known for a general cylindrically symmetric domain. As
pointed out in [2], there is a possibility to obtain a uniform bound of a certain
weighted Lp norm of vorticity for a general cylindrically symmetric domain. We shall
show that such quantities indeed satisfy a simple differential inequality and thus that
they remain ﬁnite for positive time if they are ﬁnite initially. Consequently, there
exists a solution in a certain weighted space and it is possible to estimate the spatial
and temporal growth of velocity and vorticity.
2. Axisymmetric Navier–Stokes equations
Let xAR3; we denote the typical cylindrical coordinates of x by ðr; y; zÞ: Namely,
rðxÞ ¼ ðx21 þ x22Þ
1
2; yðxÞ ¼ tan1ðx2
x1
Þ; and zðxÞ ¼ x3: We also from time to time denote
by r; y; z functions deﬁned as above. We consider several types of domains in this
paper. That is, R3; an axisymmetric Lipschitz bounded domain, and an axisymmetric
Lipschitz unbounded domain. From now on, we denote by O any of these domains
and do not indicate exactly if it is not necessary and LpðOÞ; Hp0 ðOÞ; and W k;p0 ðOÞ will
be denoted by Lp; Hp; W k;p; respectively. Every integrals are also assumed to be
done on O unless otherwise stated.
The incompressible Navier–Stokes equations on O are
@v
@t
þ ðv  rÞv ¼ rp þ nDv þ f ; ð1Þ
r  v ¼ 0; ð2Þ
v ¼ 0 on @O ð3Þ
with an initial condition
vð; 0Þ ¼ v0: ð4Þ
Here v ¼ ðv1ðx; tÞ; v2ðx; tÞ; v3ðx; tÞÞ is the velocity of the ﬂuid ﬂows, p ¼ pðx; tÞ the
scalar pressure, f :O Rþ-R a given external force, and r  v0 ¼ 0: It is well known
N. Kim / J. Differential Equations 187 (2003) 226–239 227
that there exists a weak solution v of (1)–(4) corresponding to v0AL2 and
fAL2loc½0;N; L2Þ satisfying [4]
jjvjj2L2ðtÞ þ n
Z t
0
jjrvjj2L2pC jjv0jj2L2 þ
Z t
0
jjf jjL2
 2 !
ð5Þ
and Z t
0
jjvjjLNðtÞoCðv0; f Þ: ð6Þ
From now on, we assume f ¼ 0 and n ¼ 1 for simplicity. With some assumptions on
the regularity of f ; the arguments of this paper can be applied parallelly.
By an axisymmetric ﬂow, we mean a ﬂow of the form v ¼ vrðr; zÞer þ vyðr; zÞey þ
vzðr; zÞez: Here, er; ey; ez are the basis vectors for the cylindrical coordinates. When v0
is axisymmetric, it is natural to seek an axisymmetric solution for (1)–(4). Then, in
terms of cylindrical components, (1) becomes
@vr
@t
þ ðv˜  rÞvr ¼ @rp þ @
2
@r2
þ @
r@r
þ @
2
@z2
 
vr  1
r2
vr þ v
2
y
r
; ð7Þ
@vy
@t
þ ðv˜  rÞvy ¼ @
2
@r2
þ @
r@r
þ @
2
@z2
 
vy  1
r2
vy  vyvr
r
; ð8Þ
@vz
@t
þ ðv˜  rÞvz ¼ @zp þ @
2
@r2
þ @
r@r
þ @
2
@z2
 
vz: ð9Þ
Here, v˜ ¼ vrer þ vzez and p ¼ pðr; zÞ since both sides of the y component of (1)
should be independent of y: We note that r  v˜ ¼ 0: The vorticity of v is deﬁned by
o ¼ r v and in the cylindrical coordinates
or ¼ @zvy; oy ¼ @zvr  @rvz; oz ¼ 1
r
@rðrvyÞ:
Taking a curl to (1) we get the equations for o;
@or
@t
þ ðv˜  rÞor ¼ @
2
@r2
þ @
r@r
þ @
2
@z2
 
or  1
r2
or þ ð *o  rÞvr; ð10Þ
@oy
@t
þ ðv˜  rÞoy ¼ @
2
@r2
þ @
r@r
þ @
2
@z2
 
oy  1
r2
oy þ 1
r
@zv
2
y þ
vroy
r
; ð11Þ
@oz
@t
þ ðv˜  rÞoz ¼ @
2
@r2
þ @
r@r
þ @
2
@z2
 
oz þ ð *o  rÞvz; ð12Þ
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where *o ¼ orer þ ozez: We also note that r  *o ¼ r  o ¼ 0 since o is a curl of v:
We know that if the domain O is bounded and apart from the axis of symmetry and
the initial data is smooth, there exists unique global classical solution v for (7)–(9).
From now on, we deal with this smooth solution and obtain some uniform estimates
and extend it to the weak solution by an approximation argument in the successive
sections. We ﬁrst deﬁne D ¼ rvy; Ea ¼ raoy; F1a ¼ raor; and F2a ¼ raoz for a40:
From (8) and (11), D; Ea; and F
i
a; i ¼ 1; 2 satisfy the following equations:
@D
@t
þ ðv˜  rÞD ¼ @
2
@r2
þ @
r@r
þ @
2
@z2
 
D  2
r
@rD; ð13Þ
@Ea
@t
þ ðv˜  rÞEa ¼ @
2
@r2
þ @
r@r
þ @
2
@z2
 
Ea þ ða2  1Þ1
r2
Ea
 2a
r
@rEa þ ra1@zv2y þ ð1þ aÞ
vr
r
Ea; ð14Þ
@F 1a
@t
þ ðv˜  rÞF 1a ¼
@2
@r2
þ @
r@r
þ @
2
@z2
 
F1a þ ða2  1Þ
1
r2
F1a
 2a
r
@rF
1
a þ *o  rðravrÞ; ð15Þ
@F 2a
@t
þ ðv˜  rÞF 2a ¼
@2
@r2
þ @
r@r
þ @
2
@z2
 
F2a þ a2
1
r2
F2a
 2a
r
@rF
2
a þ a
vr
r
F 2a 
vz
r
F1a
 
þ *o  rðravzÞ: ð16Þ
3. Basic estimates
We ﬁrst denote *O ¼ O\fr ¼ 0g; Ls ¼ fxjrðxÞosg; H1;pðOÞ ¼ fujuAW 1;pðOÞ;r 
u ¼ 0g; and introduce V pa ðOÞ; the closure of
D ¼ fujuACNc ðOÞ;r  u ¼ 0g
under the corresponding norm,
jjujjp;a ¼ jjujjL2 þ jjr  ujjLpðrapdxÞ:
Due to the Calderon–Zygmund inequality, V paCH
1;p
loc ð *OÞ and uj@O ¼ 0 by the trace
theorem. When O is bounded, V pa*H
1;p
0 since the usual W
1;p norm is stronger than
the V pa norm.
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Lemma 1. For p41 and ap4maxfp  2; 0g; we have V pa ðOÞ ¼ V pa ð *OÞ:
Proof. Clearly, Vpa ð *OÞ is a closed subspace of Vpa ðOÞ: Let l be a continuous linear
functional of V pa ðOÞ vanishing on V pa ð *OÞ and q be the Ho¨lder conjugate of p: Then,
for any uAVpa ;
ðl; uÞ ¼
Z
O
l1  u dx þ
Z
O
l2  ðr  uÞrap dx
for some l1AL2; l2ALqðrap dxÞ: Indeed, We can identify Vpa ðOÞ as a closed subspace
of the product space L2  Lpðrap dxÞ and extend the linear functional on the whole
product space by the Han–Banach theorem, then, applying the Riesz representation
theorem, we get the above representation. Since the linear functional vanishes on
V pa ð *OÞ; there exists a distribution pAðCNc ð *OÞÞ0; l ¼ rp by the Hodge decomposition
theorem [7]. Since l is also a bounded linear functional on L2  Lpðrap dxÞ(In fact, we
extend l on L2  Lpðrap dxÞ), pALqðraq dx; *OÞ by the duality. Now, let fADðOÞ;
xACNc ðOÞ; x be supported on the cylinder L2; and xsðxÞ ¼ xðr=s; y; zÞ: Then,
ðl;fxsÞ ¼
Z
O
ðl1fxs þ l2r ðfxsÞrapÞ dx
pCðjjfjjLN þ jjrfjjLNÞ
Z
ðjl1j þ jl2jrapÞjxsj
þ CjjfjjLN jjrarxsjjLp jjrap=ql2jjLq
pCðfÞðsjjxjjL2 jjl1jjL2 þ saþ2=pjjraxjjLp jjrap=ql2jjLqÞ
þ CðfÞsðappþ2Þ=pjjrarxjjLp jjrap=ql2jjLq :
Thus, if ap4p  2; ðl;fxsÞ-0 as s-0: Next, for any fADðOÞ; we take xACNc
supported on the cylinder L2 such that x ¼ 1 on the set L1-suppðfÞ and calculate
ðl;fÞ ¼ ðl;fxsÞ þ ðl;fð1 xsÞÞ ¼ oð1Þ þ
Z
pf  rxs dx
¼ oð1Þ þ Csðappþ2Þ=pjjrxjjLp jjfjjLN jjrapjjLq :
Here, we use the property of l on *O and the smallness of l near the origin. We then
obtain that if ap4p  2; ðl;fÞ ¼ 0 for any fAV pa ðOÞ sending s to zero, which proves
the lemma. &
Next, we present a version of Gro¨nwall’s inequality which we will use later for
completeness. We adopt summation convention here.
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Lemma 2. Let y:½0; T -Rþ be continuous and satisfies
d
dx
yphiyai ; 14a1X?XanX0; 0phiAL1ð0; TÞ; i ¼ 1;y; n:
Then,
yðtÞp yð0Þ1a1 þ 1þ C
Z t
0
X
i
hi
 !1=ð1a1Þ
: ð17Þ
Proof. Consider the region S ¼ fy41g: On S;
d
dx
yphiyaip
X
i
hiy
a1 :
Thus, integrating the inequality, we have
y1a1ðtÞpy1a1ðsÞ þ C
Z t
s
X
i
hi
for any s; t in the same open component of S: On the boundary of S; either y ¼ 1 or
y ¼ yð0Þ: Thus proved. &
Lemma 3. Let v and o as before and vAV pa ; aX
5p6
2p
: Denoting q ¼ 3p=ð3 pÞ if
2ppo3; 2pqoN if p ¼ 3; and q ¼N if p43; we have
jjra1vjjLp ; jjravjjLq ; jjrðravÞjjLp
pCð1þ jjvjjVpa þ jjvjjL2Þð1þ jjvjjL2 þ jjvjj
1=2
LNÞ ð18Þ
if O is bounded. The above inequality also holds for an unbounded O when a ¼ 1 and
p ¼ 2:
Proof. We extend v on the whole of R3 setting vðxÞ ¼ 0 if xeO: We note that the
extended v belongs to Vpa ðR3Þ: Now, rav satisfy the following equations on R3:
r  ðravÞ ¼ ara1vr;
r ðravÞ ¼ rao ara1er  v:
Thus, we have
jjravjjLq ; jjrðravÞjjLppCjjraojjLp þ Cjjra1vjjLp ð19Þ
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by the Calderon–Zygmund inequality when O is bounded. For an unbounded O and
p ¼ 2; a ¼ 1; (19) still holds since rv-0 as jxj-N due to the fact vAL2: Eq. (19)
shows the lemma for a ¼ 1; p ¼ 2: Now, for O bounded, we ﬁrst consider the case,
po3: We note that ra1v ¼ ðravÞða1Þ=av1=a and thus
jjra1vjjLppCjjravjjða1Þ=aLq jjvjj1=aLa
p ejjravjjLq þ CejjvjjLa ð20Þ
for any e40 and a ¼ pq=ðaq  ap þ pÞ by the Young and Ho¨lder’s inequality. Since
aXð5p  6Þ=2p; we have ap2 and thus taking e small enough and plugging the
above inequality into (19), we arrive
jjra1vjjLp ; jjravjjLq ; jjrðravÞjjLppCjjvjjVpa þ CjjvjjL2 : ð21Þ
Next, when pX3; we replace q by s and take s large enough in (20) so that a ¼
ps=ðas  paþ pÞ be close enough to p=a: Since V paCV ba for any bo3;
jjravjjLspCjjvjjVpa þ CjjvjjL2
by (21). Meanwhile,
jjvjjLapCjjvjjL2
if ap2 and
jjvjjLapjjvjj2=aL2 jjvjj
ða2Þ=a
LN
if a42: However, ða  2Þ=a can be made arbitrarily close to ðp  2aÞ=p taking s large
enough. Thus, if a42;
jjvjj1=aLa pjjvjjL2 þ jjvjjða2Þ=ðaa2ÞLN pjjvjjL2 þ jjvjj1=2LN :
Therefore, (20) is reduced
jjra1vjjLppCðjjvjjVpa þ jjvjjL2Þ
ða1Þ=aðjjvjjL2 þ jjvjj1=2LNÞ:
This shows (18) for p43: &
Lemma 4. Let v and o as before, E any of Ea; F1; and F2; pX2; and aX
5p6
p
: For any
e40; there exists Ce40 such thatZ
1
r2
jEjppCejjojjm1L2 jjEjjm2Lp þ ejjrjEjp=2jj2L2 ; ð22Þ
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where m1 ¼ 4p2pa3pþ6p2 and m2 ¼ 2pa3pþ22pa3pþ6 ppp andZ jvj
r
jEjppCejjojjm3L2 jjEjjm4Lp þ ejjrjEajp=2jj2L2 ð23Þ
with m3 ¼ 4ðaþ1Þp3ap3pþ6p2 and m4 ¼ 3ap3pþ23ap3pþ6ppp:
Proof. Let a ¼ 2ap1 and 0pb  4p3paþ2a4 pp  a; thenZ
1
r2
jEjppC
Z
jojajEjbjEjpab
pCjjojjaL2 jjEjjbLp jjEjj3ðpa2aÞ=4L3p
pCjjojjaL2 jjEjjbLp jjrjEjp=2jj3ðpa2aÞ=2pL2
pCejjojjm1L2 jjEjjm2Lp þ ejjrjEjp=2jj2L2
by the Ho¨lder’s, Sobolev, and Young’s inequality. Here, the Ho¨lder exponents 2
a
; p
b
;
and 3p
pab are proper and thus proved. Next, we show (23). With d ¼ 1ap2 and
e; sX0; we use the Ho¨lder’s, Sobolev, Young’s inequality and getZ jvj
r
jEjp ¼C
Z
jvjjojd jEjpdejEje
pCjjvjjLs jjojjdL2 jjEjjpdeLp jjEjjeL3p
pCeðjjvjjLs jjojjdL2 jjEjjpdeLp Þp=ðpeÞ þ ejjrjEjp=2jj2L2 :
To make the above formal computation valid, we ask
0pepp  d; 1ps; 1
s
þ d
2
þ p  d  e
p
þ e
3p
¼ 1: ð24Þ
We note jjvjjLspjjvjjð6sÞ=2sL2 jjvjj
ð3s6Þ=2s
L6
when 2psp6 and the exponent of jjEajjLp is
less than or equal to p: Thus, the coefﬁcient of jjEajjLp ; ðjjvjjLs jjojjdL2Þp=ðpeÞ is
integrable if
2psp6; 3s  6
2s
þ d
 
p
p  ep2 ð25Þ
by (5). Eqs. (24) and (25) are reduced to
p þ 3pd  6d
4
pepmin p  d; 3p þ 3pd  6d
4
	 

;
s ¼ 6p
4e þ 6d  3pd;
5p  6
p
pa:
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Since there is always such e and s if 5p6
p
pa; we take simply e ¼ ðp þ 3pd  6dÞ=4
and s ¼ 6 and obtain the exponents m3 and m4: &
4. A priori estimates
Lemma 5. Let D be as before, then
jjDjjLqðtÞpjjDjjLqð0Þ ð26Þ
for 1oqoN: If we assume further that jjDjjLqð0ÞoN for any q41; (26) holds for
q ¼N:
Proof. Applying the Ho¨lder’s inequality and divergence theorem to (13) after
multiplying DjDjq2 to the equation and integrating it, we have
@
@t
jjDjjqLqp CjjrjDjq=2jj2L2 :
Thus, we have (26) for 1oqoN integrating the above equation. If DðtÞALq0 for any
ﬁxed ﬁnite q041; then jjDjjLqðtÞ-jjDjjLN(t) as q-N: Since DðtÞALq0 for all t40 if
Djt¼0ALq0 by (26), we have (26) for q ¼N taking the limit of (26). &
Now, we are ready to give two main lemmas, a priori estimation on weighted
norms of vorticity. The basic ingredients are the simpler structure of Eqs. (10)–(12)
due to axisymmetry, (5), and (6). We start with Ea:
Lemma 6. Let v; o as before. For any pX2 and aX5p6
p
;
jjEajjpLpðtÞpðjjEajjpm4Lp ð0Þ þ 1þ C
Z t
0
ðG þ HÞÞp=ðpm4Þ: ð27Þ
Here, m1; m3; m4 are as in the Lemma 4 and
G ¼ jjojjm1
L2
þ jjojjm3
L2
;
H ¼ jjrvyjj4ða1Þ=pLq jjojj4ð3aÞ=pL2 ; q ¼
6pða 1Þ
ap  3p þ 6
if ap3 or
H ¼ jjrvyjj4ðp1Þ=pLN jjvyjj2=pL2 jjrap3pþ2vyjj
2=p
L2
if a43:
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Proof. We multiply by EajEajp2 and integrating (14) in the cylindrical coordinates.
Due to the divergence theorem,
Z
ðv˜  rÞEaEajEajp2 ¼ 1
p
Z
r  ðv˜jEajpÞ ¼ 0;
Z
2a
r
@rEaEajEajp2 dx ¼ 2a
p
Z
@rjEajp dr dz dy
¼  2a
p
Z
jEajpjr¼0 dz dy ¼ 0
since Ea is smooth [2]. Applying the Ho¨lder’s inequality, we then have
@
@t
jjEajjpLp þ C1jjrjEajp=2jj2L2pC2
Z
1
r2
jEajp þ C2
Z jvrj
r
jEajp
þ C2
Z
ra1jvyj2jEajðp2Þ=2@zjEajp=2 ¼ Iþ IIþ III: ð28Þ
Here, C1 and C2 are ﬁxed constants. We use (22) and (23) with small enough e to
bound I and II and
IIIpC
Z
rða1Þpjvyj2p
 2=p
jjEajjp2Lp þ
C1
2
jjrjEajp=2jj2L2
by the Young’s inequality. Then, we divide it into two cases, ap3 and a43: In the
case of ap3;
Z
rappjvyj2pp jjrvyjj2a2Lq jjvyjj62aL6
pCjjrvyjj2a2Lq jjojj62aL2 :
Note that all the Ho¨lder exponents, 3pap3pþ6 and
3
3a are proper since pp3 in this case.
For the other case, by the Ho¨lder’s inequality
Z
rappjvyj2ppjjrvyjj2p2LN jjvyjjL2 jjrap3pþ2vyjjL2 :
Note that ap  3p þ 2X2 so that we can apply (30). Plugging above results into (28),
we have
@
@t
jjEajjpLppCðjjojjm1L2 jjEajjm2Lp þ jjojjm3L2 jjEajjm4Lp þ HjjEajjp2Lp Þ:
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We note that m4Xm2Xp  2 and apply (17) to the above inequality to obtain
(27). &
Let us deﬁne Db ¼ rbvy for b40: The equation for Db is then
@Db
@t
þ ðv˜  rÞDb ¼ @
2
@r2
þ @
r@r
þ @
2
@z2
 
Db  2b
r
@rDb
þ ðb2  1ÞDb
r2
þ ðb 1Þur
r
Db: ð29Þ
This equation is simpler than (14) and we can derive the following corollary by the
parallel argument with the above lemma.
Corollary 1. Provided that bX5p6
p
; pX2;
jjDbjjpLpðtÞp jjDbjjpm4Lp ð0Þ þ 1þ C
Z t
0
G
 p=ðpm4Þ
: ð30Þ
Here, G is as in the Lemma 6.
We now give a similar estimate for F ia; i ¼ 1; 2:
Lemma 7. Let v; D; G; and Fia; i ¼ 1; 2 be as before. When O is bounded,
jjFajjpLpðtÞp ðjjFajjpm4Lp ð0Þ þ 1
þ C
Z t
0
ðG þ jjDjj2LNðjjv˜jj2Vpa1 þ jjojj
2
L2ÞÞÞp=ðpm4Þ ð31Þ
for pX2 and aX5p6
p
: For a general O; (31) holds true for p ¼ a ¼ 2 with jjv˜jj2Vpa1
replaced with jjv˜jj2V 2
2
:
Proof. We repeat the similar argument with the proof of Lemma 6. Multiplying (15)
and (16) by jFiajp1F ia; i ¼ 1; 2; respectively, we integrate it and use divergence
theorem to get
@
@t
jjF iajjpLpp  CjjrjFiajp=2jj2L2 þ C
Z
1
r2
jF iajp
þ C
Z jvj
r
jFajp þ C
Z
*o  rðrav˜iÞjF iajp2Fia
¼ Iþ IIþ IIIþ IV: ð32Þ
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Here, we denoted F1a er þ F2a ez by Fa and v˜1 ¼ vr; v˜2 ¼ vz: The terms II and III are
dominated as (22) and (23). We only need to show IV can be written as a integrable
form to use (17). We use the special structure of *o; that is, *o ¼ 1=rð@z; @rÞðrvyÞ:
Using this fact and applying the divergence theorem, the Ho¨lder’s inequality, and
(18) to IV, we get
IV ¼  C
Z
vyrðrav˜iÞ  r>ðjFajp2FiaÞ
pC
Z
jrvyjðjrðra1v˜iÞj þ jra2v˜ijÞjrðjFajp2FiaÞj
pCjjDjjLNðjjv˜jjVpa1 þ jjojjL2ÞjjFajj
ðp2Þ=2
Lp jjrjFajp=2jjL2
pCejjDjj2LNðjjv˜jj2Vpa1 þ jjojj
2
L2ÞjjFajjp2Lp þ ejjrjFiajp=2jj2L2 :
We take e small enough and plug the above inequality to (32) and apply (17) as in the
Lemma 6 to ﬁnish the proof. We point it out that
jjroyjj2L2pjjr2oyjj2L2 þ jjoyjj2L2
for the remark for p ¼ a ¼ 2: &
5. Main theorem
Theorem 1. Let pX2; aX5p6
p
; vð0ÞAL2 axisymmetric, v˜ð0ÞAVpa ; and rvyð0ÞAL1-LN:
Let further rap3pþ2vyð0ÞAL2 when a43: Then for any T40; there exists a solution
vALNð0; T ; L2Þ-L2ð0; T ; W 1;2Þ for (1)–(4) satisfying rvyALq for all 1oqpN and
v˜AV pa uniformly in t: Further,
(A) For p ¼ a ¼ 2; vAV 22 uniformly in t if further vyð0ÞeyAV 22 :
(B) For O bounded, vAV pa uniformly in t if further aX
5p6
p
þ 1; v˜ð0ÞAV pa1; and
vyð0ÞeyAV pa :
Proof. Since v˜ð0ÞAV pa ; we can approximate v˜ð0Þ by v˜ð0ÞjACNc ð *OÞ; j ¼ 1;y;N due
to the Lemma 1. Let also v
j
yð0Þðr; zÞACNc ð *OÞ approximate vyð0Þ in L2 with
supjjjvjyð0ÞjjLNpjjvyð0ÞjjLN : We can assume that v˜ jð0Þ is axisymmetric without loss
of generality. Indeed, otherwise, we can take the average of v˜ jrð0Þ; v˜ jzð0Þ on the circle
instead of v˜ jrð0Þ; v˜ jzð0Þ: Due to the Minkowski inequality, the norms of v˜ jð0Þ are not
affected. For each vð0Þj ¼ v˜ jð0Þ þ vyð0Þjey; we consider Oj  O-feoroRg for a
suitable e; R so that the support of vð0Þj is contained in Oj : We solve (1)–(3) for vð0Þj
on Oj and get the smooth solution vj: For this solution, the apriori estimates
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(26),(30), and (27) holds true and these estimates are independent of O: Since
jjvjð0ÞjjL2 bounded uniformly, (5), and (6), every terms in the righthand side
of (26), (30), and (27) are bounded uniformly and thus the limit, v satisﬁes
v˜AV pa ; vyAL
q uniformly in t: Since vjð0Þ converges to vð0Þ strongly in L2; v is a
solution for vð0Þ: Due to the Lemma 7, (A) is true similarly. To show (B), we
argue with (31). In this case, rsvyð0ÞALq for all sX1; 1oqpN since O is bounded.
Then the condition for (27) replacing a with a 1 are satisﬁed and we ﬁnish the
proof. &
Remark. (1) When O is bounded, the integrability conditions in the above theorem is
satisﬁed provided vyð0ÞALN and oð0ÞALp: We note that even if v is merely of L2
initially, v satisﬁes these conditions for almost every positive time [7] and thus the
solution is regularized outside the axis of symmetry.
(2) When O-fr ¼ 0g ¼ | such as O ¼ fxj jr  zj40g; the solution then become
globally regular even if the distance between O and the axis of symmetry is zero and
vBra  L3p=ð3pÞ near the axis of symmetry and vBr1L2 near at inﬁnity if p ¼
a ¼ 2 by (18).
(3) From (30), (27), and (31), jjravjjLp ; jjv˜jjVpa ; and jjvjjVpa grow polynomially in t [5].
Using (5), we can calculate the rough growth powers. Since m1; m3pC and p=ðp 
m4Þ ¼ OðapÞ; jjravyjjLp ¼ tOðaÞ; jjv˜jjV pa ¼ tOða
2Þ; and jjravjjLqpCjjvjjVpa ¼ tOða
3Þ for large
p and a: It is interesting that the growth rates are uniformly bounded with respect to
p: The author do not know whether the nonlinear dependence on a of the growth
rates are due to the technical reasons.
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